MATH1520 University Mathematics for Applications Fall 2021

Chapter 2: Limits

Learning Objectives:

(1) Examine the limit concept and general properties of limits.
(2) Compute limits using a variety of techniques.

(3) Compute and use one-sided limits.

(4) Investigate limits involving infinity and “e”.

2.1 Limit of a function at one point

(Heuristic) “Definition” 2.1.1. If f(z) gets “closer and closer” to a number L as x gets

“closer and closer” to ¢ from both sides, then L is called the limit of f(x) as = approaches c,
denoted by

ligﬂ f(z)=L.
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Remark. Limits are defined rigorously via “c — ¢” language. but ve l S
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Example 2.1.1. Let f(z) := x + 1. Find lim f(x)
z—1

z 109[0.99]0999 |1]1001 10111
f(x) [ 1.9[1.99 [ 1.999 [(®] 2.001 | 2,01 | 2.1

When z approaches 1 from both sides, f(z) approaches 2. Therefore lim f(z) = 2.
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Chapter 2: Limits 2-2

Remark. 1. The table only gives you an intuitive idea, this is not a rigorous proof.
2. Don’t think that the limit is always obtained by substituting z = 1 into f(z). The limit
only depends on the behavior of f(z) near z = 1, but not at = = 1.

x+1 ifx#1,

Example 2.1.2. =
P /(@) {undeﬁned ifx=1.

= /
x 0.9 | 0.99 | 0.999 1 1.001 | 1.01 | 1.1
f(x) | 1.9 | 1.99 | 1.999 | undefined | 2.001 | 2.01 | 2.1

[ —

When z approaches 1 from both sides, f(x) approaches 2. Therefore lini f(z)=2.
T—r
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Disregard the value of f at 1, the limit of f(x) when z tends to 1 is always 2.
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Example 2.1.3. f(x) = @;t_\_:/{j_é,:
1 ifx=1.

x 0.9 | 0.99 | 0.999 1.001 | 1.01 | 1.1

f(z) ] 1.9 1.99 | 1.999 2.001 | 2.01 | 2.1

When x approaches 1 from both sides, f(z) approaches 2. Therefore linri f(z) =2.
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Proposition 1.
1. If f(z) = k is a constant function, then Y= «.
—
lim f(x) = lim k = k. % (
Tr—cC Tr—cC —_—

For instance, lim 9 =9. = L‘h ‘1 - 4}
z—1 -
2. If f(z) = z, then
: lim f(z) = limz = c.
Tr—cC r—cC -—
. . — e —
For instance, lim = = 3.

r—3 3

Proposition 2. (Algebraic propertles ok limits, +,—,x, +)

If lim f(z) and liin g(x) both exist (important!), then

Tr—cC

L lim (f(z) +g(z)) = lim f(z) + lim g(z)
e el

2. lim(f(@) — g(@)) = lim f(x) — lim g() Lo Ut =(hin )(A Les)

3. lim(f(z)9(x)) —g{grgf(xz)‘ii;r}:g(w) NEVA Y2 X4
Especially, gl;_)mc(@ f (:c)): k 91513}: f(x) for any constant k ﬂ >CF_O()
~+=

z) lim f(x)
4. “( x_m if lim g(x) # 0.
() ) lim g(x) voe” Z T
r—cC
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S \
Example 2.1.4. Compute the following limits:
N /) <!
2 ] "5
1. liml(a:3+2a:—5) ’l>
z—
e o llmr)
2. lin rar-s Lim * %
3. lim V422 -3
r——2

Solution. ‘} }[ i J & L
lg5=

1. lim (23 + 22 — 5) = lim 23 +11m2:):—hm5—13—|—2 5=
x

[ 1 1 1 )
) o e b 11‘:: A, 42 =
A a? 1 lim (z? + 2% — 1) hmx +1 lim9* 19 2
2. lim _ T—2 S T2 a:—>2 x—>2 S_
=2 x2+45 lim (2% 4 5) ,K lim 2% 4 lim 5 L )(3 t g 2 £
T—2 /l\ L T2 — T2 *_5)— — 7
3. lim \/4:02 lim (422 —3) =,/ lim 422 — lim 3=+v16—-3=+V1
T——2 T——2 =2 T——2

\72 (CH( ‘%) Urm@x-o :( ()> .}> e _

Remark. Generalizing the arguments for the first example above: the limit of any polyno-

mial function P(z),
lim P(z) = P(c). = L wndefrod e =l
goe -

Exercise 2.1.1. Compute the following limits:
1
lim ; lim <x2 — 3z >
z—1x—1 z—1 xr+5

Example 2.1.5. (Cancelling a common factor)
Find the limit:

|
111'1’17
z%1x2—3:1}+2

Solution. We can’t directly use property of division of limit because the denominator lim (z?—

rz—1
3x+2)=1>-3x1+2=0.

2 _ _
i x®—1 — lim (x —1)(z+1)
a—1a2?2 —3r+2 21 (x—1)(z—2)
_hmM(x—l—l)
a1 (z—1)(z — 2)
. or+1
= lim
z—=1x — 2
1+1
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Example 2.1.6. Compute f
. @3 544
lim|————.
r—1\x2 +2x—3
Solution. Write p(z) = 23 — 5z + 4 and q(x) = 2 + 2z — 3. Because p(1) = ¢(1) =0, z — 1
is a factor of p(x) and ¢(x). We obtain

p(z) = (z—1) (2 +x—4)and ¢(z) = (z — 1)(z + 3).

Then
=5z +4 . (x—1)(2*+x—4)
lim ———— = lim
a—122+2r—3 2-1  (x—1)(z+3)
x4 —4
= lim ——

z—1 T+ 3
1241—14 1

1+3 2
[ |
Example 2.1.7. (Rationalization)
-1
Let f : [0,00)\{1} — R defined by f(z) = Ve T/ Find lim1 f(x).
xr — T—
e—T X\
Solution. For x # 1.
V=1 Va-1{(Jz+1 r—1 1
r—1 -1 Ve+1y fz-1)(Vz+1) x+1
Hence
lim Vo -1 = lim ! = 1
a=1 x—1 el +1 2
[ |
Example 2.1.8. (Rationalization and Cancellation)
Find
lim @
z—1 x4 — 1
Solution.
i VEL o (VB 1)(\/?+ 1)
=1 2 — 1 z—1 (l’—}—l)(l‘—l\\\/$+ )
= lim 2T
=1 (z + 1) (z2—1)(Vz + 1)
1 1

= T 1
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R b=
lﬁ—b(ﬂ’fx%f') if/g[,_,

Challenge Question: Let f : R\{1} — R defined by f(z

Find lim f(z). = Lo ——é—"— = cean \ll-(—x £\ (x/{)&:{_f«-)
ro1 OB xY x| -
Hift o — b3 = (a — b)(a® + ab + b).
Proposition 3 (Composite functions/change of variables). If lim, . g(x) = k exists and
lim,_, f(u) exists, then lim,_,. f o g(x) = lim,_ f(u).
Example 2.1.9. Redo the last three examples using change of variables.
- ("N — T _
> ¥l ~> U =X
=, AL fim 0 = i T3 = I =
[}
"M x| ]
u->\
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2.2 One-sided Limits

The following shows the graph of a piecewise function f(z):

As x approaches 2 from the right, f(x) approaches 5 and we write

Jim f(z) =5. X Q((lm M)
On the other hand, as = approaches 2 from the left, f(x) approaches -3 and we write

lim f(z) = -3.
T2~
w

Limits of these forms are called one-sided limits. The limit is a right-hand limit if the
approach is from the right. From the left, it is a left-hand limit.

Definition 2.2.1. If f(z) approaches L as x tends towards ¢ from the left (x < ¢), we write
lim f(x) = L. It is called the left-hand limit of f(x) at c.

T—Cc

If f(z) approaches L as x tends towards ¢ from the right (z > ¢), we write lim+ f(xz)=L.
Tr—C

It is called the right-hand limit of f(x) at c.

Example 2.2.1. Recall
x ifz>0
|z =

—x ifx<0
lim |z| = lim z = 0.
x—07t z—0t—
lim—{z| = lim (—z) =0.

z—0~ z—0~



Chapter 2: Limits

For this case lim |z|= lim |z|. Then lim |z| = 0.
z—0+t z—0~ z—0

Example 2.2.2. Define f : R — R,

r+1 ifx>0,
J(@) = {:c2 if x < 0.

r | -0.1[-0.01]-0.001]0|0.001]0.01]0.1
f(z) 1072 107* | 1075 | 1] 1.001 | 1.01 | 1.1

We have
li =1.
and
lim f(z)=0.
x—0—
Remark.

1. The left hand limit or the right hand limit may not be the same.

2. Does lim f(x) exist? No!
z—0

Proposition 4.
lim f(x) = L if and only if lim f(x) = L and lim f(z) = L.

Tr—e T—>Cc™ T—ct

(i.e., both left hand limit and right hand limit exist and is equal to L)
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Example 2.2.3. Suppose the function

f(:c):{x2+1’ z>1,

a, r < 1.

has a limit as = approaches 1. Find the value of a and lim1 f(z).
T—r

Solution. Since lin% f(x) exists, we have
r—r

lim f(z)= lim f(z) = lim f(z).

z—1+ z—1— z—1
And
li = li 2y =2, 1l = li = a.
Jm fle) = lim (@ +1) =2, lm f(z) = ln (¢) = a
So,a =2, and lim f(x) = 2. [ |

r—1

2.3 Infinite “Limits”

Consider the following limit
. 1
Mo

As z approaches 2, the denominator of the function f(x) = approaches 0 and

1
(x —2)?

hence the value of f(z) becomes very large.

The function f(z) increases without bound as z — 2 both from left and from right. In
this case, the limit DNE (does not exist) at x = 2, but we express the asymptotic behaviour
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of f near 2 symbolically as

) 1
Y

Remark. +oc is just a symbol, not a real number.

Example 2.3.1.

Definition 2.3.1. We say that lim f(z) is an infinite limit if f(x) increases or decreases
r—cC

without bound as z — ¢.
If f(z) increases without bound as = — ¢, we write

lim f(x) = +o0.
r—cC

If f(x) decreases without bound as = — ¢, then

lim f(z) = —oc.
Example 2.3.2. Evaluate
lim and lim r=-3
z—2+ $2 — T—2~ .T2 — 4
Solution.
r—3 z—3

lim —— = lim ———————— = —0
=2t 22 =4 g2t (2 —2)(z +2)

sinceasz — 2*, wehave 72 —4 = (v — 2)(z +2) - 0" and z — 3 — —17.
Tz —3 -3

I = lim —— > =
oty S ) R

sinceasx — 2~ ,wehavez? —4=(z-2)(z+2) -0 andz —3 — —1".

Exercise 2.3.1. Find

lim tanz; lim tanuz; lim tanuz; lim Inz.
T—m/2 /27 z—m/2t z—07t
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